
"of power series



Leef:Anunite sum is a sum of the form

an = detai + an + astat

where the an are
real numbers.

We say that
the sun

above exeges
if

there exists a
real number

S where

lim an = lim arta ,
tant ... + a) = S

(
n = 0 N-

N-r-

& summingtheterms
these are

called

In this case
we write partial sums

&

an
If the above

limit doesn't
exist then

we say that
the infinite sum emuges

.



E: Consider the sum

&n = 1 + k+++ + ...

Let's calculate some
partial suns

=

In Calculus

you
showed

that this
limit=

n = 0

called

I equal to
2

as N + D
is

and so

in = 2

-

in Calculus

-#Ias i... thisisometric
sum



Let:Apower series is an infinite sum

of the form

an(x-xo = ata ,
(x-Xol + a(x-x

+ ag(X-Xo( +...

Above x is
a
variable and the an

and

series

Xo are
constants .

The power

is said to be entered
at Xo

-

Ex: (Geometric
series

Ex = 1 + x + x +
x+

series
u This power

N

1(X-x
an= I3

is centered
at Xo = 0

-
In Calculus youI S howed that

&for
all X

= 0 S
&



tasel: If-KX 11 , then
the geometric

sure converges
and

=
+

me2 : If-1X
or KX, then

the geometrium

x = 1 + x +x+

diverges (it
doesn't have

a
limit

=H

=
-

=ISt
diverges



:
Think of Ex as a function fx

So
,
f(x)=x=

x +xxtEWhenThen -kx

f(o) = 1 + 0 +
0 + j+...=o

= !

S f(z) = z
f() = 1 + -+2++... =4= f(0) = 1

f( - y) = 1 + (- y) + ( ()"+ (
- (2)+ ...

f(- i) = 5
= 1 - y +π - + + ...

==

However ,

f(z) = 1 + 2 + 22+
2 + ...

f(-3 .
2) = 1 - 3 .

2 + ( - 3 .

24 + (- 3 .
2)+...

are
undefined .



ture:
graph of

- M" f(x)=X
I

Hi
I

-

#x
- I

~s
definia val

X

/,
you can only

plug in Xs

Xo in this range

m- into the power

r= 10 = 1 series .

r = I is
called

the radius
of

convergence



Therem: There are three possible scenarios

for a power
series

an(x-xd = Gota ,
(x-xoltan(x-xot.

① The series
converges only

when X = Xo -

-

Here you can
only plug

X= Xo
into the

series .

In this
case

we say
the

radius of
convergence

is r = 0

② There exists
so

where the

series converges
for all X

when

Xo-rXXotr ;
but it

doesn't converge
if X < Xo
-

or Xotr
< X

X
r is

called

# the radius
Xot M

Xor
·Convergence

In this case
as long

as X
is in

this interval
the series

converges At

can
either

past the endpoints it willdive,
in

converge
or diverge.



③ The series converges
for all X.

/1114
O

Here r=
is the radius of convergence.



#nextexamples are from Calculus .

Exi

=
converges

for all X.

-Hexo=
- series centered

Ex: The
at Xo

= 0 are :

2n+ 1

sin(x)=!
= x- x + sx-

x
*
+...

cos(x)=
= 1- x + yx

"
- -x+...

These both converge
for all X

So, r = D .



Ex: If- KX )1 ,
then

tanx)=
=x - -x ++x- [x*+...

convergenceOI is-r = 1

at Xo
= 0



# We can make a power series

centered at Xo = 1 that converges

to In(x) .

It is , fromG
In(x)=

call

= (x - 1) - E(X-1 + 5(x -1) ...

on when
OX2 .

It converges-
Here we have

:

- graph of

-i6.
#
r = 1#fr



Therem: Suppose

f(x)=(x-x =+ ,
(x-x + (x-x

+ az(x- Xo+...

has radius
of convergence

>0 .

Then ,

an =
ful
--remem
Exi

sin(x)=
X- x + stx-

x
*+...t

= o + 1x
+o  x

↑ &
f(x) = sin(x) f(x) = cos(x) +"(x) =

-

sin(x)(x) = - 2)(x)

f"(0) = 07=let
f(z)(0) =

- 1



: Find a power series for f(x) = X

centered at X
.
= 2.

Let's use the formula above to
hopefully

get an answer.

f(x) = x - f(z) = 4

f(x) = 2x + f(z) = 4

f"(x) = 2 + f"(z) = 2

f(3)(x) = 0- f'(z) = 0

f(k)(x) = 0
+
f(k)(2) = 0

K7,4
k34

f(u) + +(()(x-4
= 4 + 4(x - 2) + z(x -2) + 0(x- 2)+ 0(x - x)" +...

= 4 + 4(x - 2) + (x - 2)2



One can check : x2 = 4 + 4(X - 2) + (x -2)

And the right-hand side always

converges since its a finite sum.

The radius of convergence is r
= 0,

it the formula works for all X.



Therem : If

f(x)=an(x- xo= no + a(x-xo + az(x-Xo

has radius of convergence -O,
then

f'(x)= (x-x

= a ,
+ 2a

,
(x - Xo) + 3ay(x -Xo)+...

and

St(x)dx = S (x - Xo(
+ 1

= a d
(x - Xo) + &(X-Xe+ &(x-xo)

+...

where the power series for
f'Ix

and Stix/dx also have

radii of convergence
r.



Ex: Find a power series expansion

for f(x) =* at Xo = 1 .

If we only look
at X>0,

then

*= (n(x)
n+ 1

x-1]
S
⑭

=((x- 1) - z(X-1 + z(x -1 - ..)

= 1 - (x - 1) + (x
- 12 - . ..

So = -(x-1 +x

so the series

converges for

which as radius
of 3 <X2

convergence r
=
1i

about Xo= 1
. j I 2


